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Abstract
A unified treatment of both superconformal and quasisuperconformal algebras with quad-
ratic non-linearity is given. General formulas describing their structure are found by solving
the Jacobi identities. A complete classification of quasisuperconformal and Z2 × Z2-graded
algebras is obtained and in addition to the previously known cases five exceptional qua-
sisuperconformal algebras and a series of Z2 × Z2-superconformal algebras containing affine
ŝp2 ⊕ ôsp(N |2M) are constructed.
1
In our previous papers [1] and [2] a complete classification of superconformal algebras
with quadratic non-linearity :JJ: in the anti-commutator of two supercurrents has been
obtained. It is essentially based on the classification of little finite-dimensional conformal
Lie superalgebras.
Recently another category of non-linear extensions of the Virasoro algebra has appeared
in the literature [3]-[6] in the context of quantum Hamiltonian reduction, 2D gravity and
related matters. These are so-called quasisuperconformal algebras involving dimension-3/2
bosonic currents in some representation ρ of a Lie algebra g along with the conventional
stress-energy and ĝ affine Kac-Moody (KM) currents. This category of algebras shares many
properties with conventional superconformal algebras obeying the standard spin-statistics
relation and, in particular, quasisuperconformal algebras also can be completely classified.
The goal of the present paper being a sequel of Ref.[1] hereafter referred to as (I) is to give
a unified treatment for both superconformal and quasisuperconformal algebras and to obtain
general formulas determining their structure. At the beginning we will concentrate on the
situation when g is simple and ρ is irreducible (throughout the main part of this paper we
will be concerned with complex algebras, reality conditions being discussed in conclusion).
Suppose we are given an irreducible representation ρ of a simple Lie algebra g with the
basis λa = (λa)αβ ≡ λ
a,α
β , [λ
a, λb] = fabcλc, a, b = 1, 2, . . . , D := dimg, α, β, γ = 1, 2, . . . , d :=
dimρ. The basis is chosen so that the structure constants are totally skew. The Killing
metric is then gab = −facdf bcd = −Cvδ
ab, where Cv is an eigenvalue of the second Casimir in
the adjoint representation of g related to the dual Coxeter number h∨g by Cv = ψ
2h∨g , where
ψ2 is a square of the longest root of g. The Dynkin index iρ of the representation ρ is defined
according to the relation iρ = dCρ/Dψ
2, where Cρ is an eigenvalue of the second Casimir in
the representation ρ, i.e. λaλa = CρI (and tr(λ
aλb) = −iρψ
2δab). (Note that our definition
of the Dynkin index coincides with one in Ref.[7] (in particular iadg = h
∨
g ) and is one half of
the definition in Ref.[8].) Greek indices are raised and lowered with the help of a g-invariant
metric ηαβ and ηαβ, ηαγη
βγ = δβα which is either symmetric or anti-symmetric η
αβ = −εηβα,
depending on either ρ is orthogonal (ε = −1) or symplectic (ε = 1).
Then the most general form of a superconformal (ε = −1) or quasisuperconformal (ε = 1)
algebra associated to a given pair (g,ρ) reads as follows (note that in this paper we deal only
with simple algebras; the definition of simplicity for non-linear algebras see in (I))
[Lm, Ln] = (m− n)Lm+n +
c
12
m(m2 − 1)δm+n,0, (1a)
[Lm, J
a
n ] = −nJ
a
m+n, (1b)
[Jam, J
b
n] = f
abcJcm+n −
kψ2
2
mδabδm+n,0, (1c)
[Lm, G
α
r ] = (
m
2
− r)Gαm+r, (1d)
[Jam, G
α
r ] = −λ
a,α
βG
β
m+r, (1e)
[Gαr , G
β
s ]ε = 2η
αβLr+s +
σ
2
(r − s)λa,αβJar+s
2
+
b
2
(r2 −
1
4
)ηαβδr+s,0 + γP
αβ
ab (J
aJ b)r+s, (1f)
(JaJ b)m =
∑
n∈Z
: JanJ
b
m−n :, (2)
where [A,B]ε = AB − εBA and λ
a,αβ def= λa,αγη
βγ = 1
2
(λa,αγη
βγ + ελa,βγη
αγ). Here Lm, m ∈ Z,
are Virasoro generators, Jam, m ∈ Z, form an affine KM algebra gˆ, and G
α
r , r ∈ Z(+
1
2
),
are dimension 3/2 fermionic (for ε = −1) or bosonic (for ε = 1) currents. The tensor
P αβab is an interwining operator, S
2adg
P
−→ S2ρ(Λ2ρ) for ε = −1 (ε = 1), and therefore is
fixed by Schur’s lemma up to p = dimHomg(S
2adg, S2ρ (or Λ2ρ)) arbitrary constants. Thus
conformal symmetry and g-invariance fix the structure of the algebra (and the corresponding
OPE) up to a number of constants: Virasoro central charge c, (conventionally normalized
[7]) KM level k, b (note that our normalization of b in the present paper differs on one half
from the normalization in Refs.[1], [2]), σ, and p constants inside P (we explicitly display
the overall normalization γ of P ). These quantities are to be fixed by the Jacobi identities
which reduce to the following set of relations among structure constants:
•(G,G,G)
P αβab λ
b,γ
δ + P
βγ
ab λ
b,α
δ + P
γα
ab λ
b,β
δ = 0, (3a)
2ηαβδγδ − η
γαδβδ − η
βγδαδ −
σ
2
(λa,βγλa,αδ − λ
a,γαλa,βδ ) = −γP
αβ
ab λ
a,γ
ρλ
b,ρ
δ ; (3b)
•(L,G,G)
(c−
3
2
b)ηαβ =
γkψ2
2
P αβaa ; (3c)
•(J,G,G)
b =
σkψ2
2
, (3d)
2ηαβδab −
σ
2
(λa,βγλ
b,αγ − ελa,αγλ
b,βγ)− γkψ2P αβab = γP
αβ
cd f
acef bde. (3e).
Note that terms in the right hand sides of Eqs.(3b), (3c) and (3e) are absent when the
Poisson bracket algebra is concerned. They represent essentially quantum effects of operator
normal ordering. Since the existence of the Poisson bracket algebra is a necessary condition
in order the quantum algebra in question to exist, one finds a necessary condition for the
quantum Jacobi identities to be satisfied
2ηαβδγδ − η
γαδβδ − η
βγδαδ −
σ0
2
(λa,βγλa,αδ − λ
a,γαλa,βδ ) = 0, (4)
3
for some real σ0. Actually, taking the trace in the indices γ and δ, one finds that if the
identity (4) holds for the matrix elements of the representation ρ then
σ0 = −
2ε(d+ ε)
Cρ
= −
2εd(d+ ε)
ψ2Diρ
. (5)
At this stage the problem of classification of superconformal (quasisuperconformal) al-
gebras is reduced to the classification problem for pairs of simple Lie algebras g and their
orthogonal (symplectic) representations ρ satisfying Eq.(4). For orthogonal representations
(ε = −1) considered in Ref.[2] it is equivalent to the classification of little conformal Lie
superalgebras with even subalgebras sl2 ⊕ g with simple g (Cases I, V and VI in our clas-
sification). For symplectic ρ (ε = 1) it is equivalent to Cartan’s classification of symmetric
subalgebras of the form G0 = sl2 ⊕ g (with simple g) in simple Lie algebras G = G0 ⊕ G1 (G1
transforms in the representation (2,ρ) of G0 (with irreducible ρ)) as discussed in Note Added
to (I) (Cases I and IV-VIII in our list given therein).
Now one can verify (e.g. by taking advantage of the tables of Ref.[8]) that in all the cases
when (4) does hold one has
S2ρ = pi ⊕ Id (Λ2ρ = pi ⊕ Id) for ε = −1(ε = 1) (6)
with some irreducible pi, and pi⊕Id ∈ S2adg. Therefore the interwining operator P is defined
up to two constants, one being its overall normalization. Actually it can be chosen in a form
Pab = {λa, λb}+ 2νδabI (7)
(Pab := (Pab)
α
β , P
αβ
ab = η
βγ(Pab)
α
γ ). Simple calculation shows that Eq.(3a) is satisfied if
and only if
ν = −
εCρ
d+ ε
(8)
(at this value of ν it reduces to the identify (4)).
Thus the only free parameters to play with are k, σ and γ (b is expressed in terms of
σ and k by Eq.(3d), and c = 1
2
(3b + γψ2ϕk) with ϕ = 2Cρ(D + εd + 1)/(d + 2) due to
Eq.(3c) and the relation P αβaa = ϕη
αβ).Parameters σ and γ can be found from the identity
(3e). Indeed, taking into account an identity
facef bdePcd = α{λ
a, λb}+ βδabI, (9a)
where
α = Cv −
Cpi
2
, β = 2νCv −
CpiCρ
D
, (9b)
which follows from Eqs.(7), (8) and the branching rule (6)( Cpi is an eigenvalue of the second
Casimir in pi), it is easy to verify that (3e) is equivalent to the following two relations among
σ, γ and k
εσ + 2γ(ψ2k + α) = 0, (10a)
2− γ(2ψ2νk + β) = 0. (10b)
4
In this way we are left with the only free parameter k.
However, Eq.(3b) imposes one more restriction on σ, γ and k
σ = σ0 + 2γχ, χ := −
d(D + εd+ 1)
D
(
Cρ
d+ ε
)2, (11)
which follows from the identity
P αβab λ
a,γ
ρλ
b,ρ
δ = χ(2η
αβδγδ − η
γαδβδ − η
βγδαδ ) (12)
following in turn from the crucial identity (4). Comparing (10a), (10b) and (11), we obtain
a non-trivial consistency condition
ipi
iρ
=
2dpi
d+ ε
, dpi := dimpi =
d(d− ε)
2
− 1 (13)
(where ipi = dpiCpi/Dψ
2 is Dynkin’s index of pi). It represents a sufficient condition in order
the quantum algebra (1) to exist. It guarantees that there does not appear any obstruction to
quantization spoiling the quantum Jacobi identities. The condition (13) seems at first sight
quite restrictive. However, as straightforward verification shows, it does take place in all the
cases when the necessary condition (4) holds. So we find no obstructions to quantization for
all the Poisson bracket superconformal and quasisuperconformal algebras. In Refs.[1] and
[2] we studied two concrete examples, N=7,8 exceptional algebras associated to G(3) and
F (4), and saw that the quantum Jacobi identities were satisfied owing to various remarkable
octonionic identities. The condition (13) provides a universal criterion for cancellation of
quantum anomalies in the Jacobi identities.
Finally, solving the equations (10a), (10b) and taking into account Eq.(13), we arrive at
the following general expressions
γ =
d(d+ ε)
ψ4Diρ(k + h∨g + εiρ)
, (14a)
σ = −
2εd[(d+ ε)(k + h∨g )−Diρ]
Diρ(k + h∨g + εiρ)
, (14b)
b =
kψ2σ
2
, (14c)
c =
3
2
b+
(D + εd+ 1)k
k + h∨g + εiρ
= −
3εd(d+ ε)k
2Diρ
+
(D + εd+ 1)(2D + 3εd)k
2D(k + h∨g + εiρ)
. (14d)
The above formulas express all the quantities through the KM level k which remains ar-
bitrary. In Table 1 all the necessary group-theoretic data are collected which provide the
possibility to treat every concrete case. Substituting the relevant quantities to Eqs.(14) one
convinces oneself that for g = soN , ρ = N they coincide with the expressions for SO(N)-
extended superconformal algebras of Refs.[9],[10], for g = G2, ρ = 7 - for N=7 exceptional
5
superalgebra of Ref.[1], for g=Spin(7), ρ = 8s - for exceptional superalgebra of Ref.[2], for
g = sp2M , ρ = 2M - for the quasisuperconformal algebra of Ref.[5], for last five exceptional
cases it gives five new exceptional quasisuperconformal algebras the existence of which has
been conjectured in Ref.[2].
Now let us turn to a more general situation when g is reductive and ρ is not necessarily
irreducible. The necessary condition for the quasisuperconformal algebra to exist can now be
formulated as a condition for the existence of a simple Lie algebra G possessing a symmetric
subalgebra G0 = sl2 ⊕ g with the supplementary subspace G1 transforming in (2,ρ), where
g and ρ are no longer assumed to be simple and irreducible, respectively. Looking at the
list of symmetric subalgebras of simple Lie algebras, one finds two relevant cases in addition
to the six cases with simple g already considered: G = slN+2, g = glN , ρ = N ⊕ N¯ and
G = soN+4, g = sl2⊕ soN , ρ = (2, N) (cases II and III in our list given in Note Added to (I),
respectively). While the quasisuperconformal algebra associated with slN+2 was constructed
in Refs.[3], [4], the case G = soN+4 seems to be not explored previously. We will present
the results below in this paper. All the possibilities for both super and quasisuperconformal
algebras with non-simple g are summarized in Table 2.
In Ref.[6] more general class of algebras has been considered. Therein dimension-3/2
currents Gαr carry some representation ρ of a Lie superalgebra g, rather than Lie algebra,
and dimension-one currents Jan are in the adjoint of g. Depending on whether the indices
are even (odd), the corresponding currents are bosonic (fermionic). There is a natural
Z2 × Z2-grading in the algebras of this category. In Ref.[6] two series of such Z2 × Z2-
graded superconformal algebras have been constructed. They are associated with pairs (g =
osp(N |2M), ρ = N+2M) and (g = sl(N |M), ρ = N+M) and combine superconformal and
quasisuperconformal algebras together. In Note Added to (I) we conjectured the existence of
a third Z2×Z2-graded series with g = sp2⊕osp(N |M) and ρ = (2, N+2m) which combined
the superconformal series with g = sp2 ⊕ sp2M discovered in (I) and quasisuperconformal
series with g = sp2 ⊕ soN [5]. Now we proceed to describe this item explicitly.
Let A,B, C,D = 1, 2, . . . , N + 2M be indices in the fundamental representation of
osp(N |2M). They are handled with the help of an orthosymplectic metric BAB
= −(−1)PAPBBBA and BAB, BACB
BC = δBA, where PA is a Grassmann parity of the index A.
We assume the first 2M values of A denoted by A to be even (PA = 0) and the last N denoted
by a to be odd (Pa = 1) so that B
AB is block-diagonal: BAB := EAB = −EBA, Bab = −δab
and BAb = BbA = 0. Then our Z2 × Z2-graded superconformal algebra involves dimension-
3/2 currents GαAr (n(G
αA
r ) = PA + 1) and dimension-one currents J
AB
m = (−1)
PAPBJABm
(n(JABm ) = PA + PB), along with Lm and ŝp2 currents J
αβ
m = J
βα
m (α, β=1,2). Here n(·)
denotes a boson-fermion parity of currents. It satisfies the following mode algebra (obvious
commutators with Lm and J
αβ
m are omitted)
[JABm , J
CD
n } = B
BCJADm+n +B
ADJBCm+n +B
ACJDBm+n +B
BDJCAm+n
−k1(B
ACBBD − BCBBAD)mδm+n,0, (15a)
[JABm , G
αC
r } = B
BCGαAm+r − B
CAGαBm+r, (15b)
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[GαAr , G
βB
s ] = 2ε
αβBABLr+s + (r − s)[σ1ε
αβJABr+s + σ2B
ABJαβr+s]
+
b
2
(r2 −
1
4
)εαβBABδr+s,0 + γ(JJ)
αA,βB
r+s , (15c)
(JJ)αA,βBm = 2ε
αβBAB{εα1β1εα2β2(J
α1α2Jβ1β2)m − BA1B1BA2B2(J
A1A2JB1B2)m}
+8(JαβJAB)m + 4ε
αβBCD{(J
ACJBD)m − (J
CBJAD)m} (16)
(the supercommutators are defined as usual [A,B} = AB − (−1)n(A)n(B)BA, where n(·)
is a boson-fermion parity defined above). All the constants are fixed by the super Jacobi
identities in terms of one free parameter k:
k1 = −(k + 2M −N + 4)/2, k2 = k, (17a)
γ =
1
2(k − 2M +N + 4)
, (17b)
b = −4k(k + 2M −N + 4)γ, (17c)
c =
3
2
b+ [12k + (2M −N + 1)(2M −N − 4)(k + 2M −N + 4)]γ, (17d)
σ1 = −4kγ, σ2 = 2(k + 2M −N + 4)γ. (17e)
At N=0 the above formulas coincide with those in (I) describing the superconformal algebra
with g = sp2⊕sp2M . At M=0 they define a quasisuperconformal algebra with g = sp2⊕soN
promised above.
Above we have considered all the algebras to be complex. Let us now turn to their
real forms. A real form of interest in quantum conformal field theory is one in which gˆ is
a compact affine KM algebra. In the basis chosen in (1c) it is extracted by the standard
hermiticity condition
(Jan)
† = Ja−n. (18)
In superconformal algebras (ε = −1) the representation ρ is orthogonal and consequently
one is always able to choose a basis where ηαβ = δαβ and
(Gαr )
† = Gα−r. (19)
However in quasisuperconformal algebras (ε = 1) ρ symplectic and consequently, for a
compact form of g, ρ appears to be pseudoreal, rather than real (in particular, the funda-
mental representation of su2 is pseudoreal and it is not possible to define real Euclidean
two-component spinors). The corresponding pseudoreality condition reads as follows
7
(Gαr )
† = iηαβG
β
−r (20)
(one can verify that it preserves the form of the commutation relations (1)). One has to
insert an imaginary unit in Eq.(20) in order to provide †2 = Id. Thus, with the exception
of the algebra based on slN+2, quasisuperconformal algebras possess no real forms with
compact g and real ρ simultaneously, in contrast with usual superconformal ones. It results
in difficulties with unitarity. In case associated with slN+2 a compact real form does exist
owing to the reducibility of ρ. It is based on the real form su(N + 1, 1) of sl(N + 2;C) [3],
[4].
To summarize, the present paper together with Refs.[1] and [2] constructively solves the
classification problem for quantum superconformal algebras with quadratic non-linearity. We
have shown that superconformal algebras in question exist if and only if there exist corre-
sponding finite-dimensional structures (little conformal Lie superalgebras for superconformal
algebras with the standard spin-statistics relation, and Z2 × Z2-graded simple Lie algebras
with symmetric subalgebras G0 of the form sl2 ⊕ g and G1 = (2, ρ) for quasisuperconformal
algebras; see Tables 1,2 and 3). Meanwhile the second part (only if) of this correspondence is
not unexpected, the first part (if) is quite non-trivial. Indeed we have seen that the existence
of a finite-dimensional algebra is just a necessary condition. The fact that it also proves to
be sufficient (Eq.(13)) seems quite surprizing. It would be interesting to find out if there are
some deep geometrical reasons for quantum anomalies in the Jacobi identities to cancel.
In this paper we have been concerned with algebras involving operators with scale di-
mensions not higher than two. It is also of interest to study algebras involving higher spins
and to obtain complete classification of chiral W-algebras. Our results suggest that quan-
tum super W-algebras are in one-to-one correspondence with (perhaps chains of) maximal
subalgebras of simple Lie (super)algebras.1 At the classical level it is in fact realized in the
general scheme of the Drinfeld-Sokolov Hamiltonian reduction [15]. However at the quantum
level a problem is whether any non-linear Poisson bracket W-(super)algebra can be consis-
tently quantized (i.e. whether there appear no anomalies in the quantum Jacobi identities).
Probably there might exist some generalization of our anomaly cancellation condition (13)
to the more general class of non-linear W-(super)algebras.
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Note Added
After this paper was completed we became aware of a preprint by P.Bowcock [16] where
N=7 exceptional and symplecticaly extended superconformal algebras of Ref.[1] also were
obtained.
1In this paper we are concerned only with algebras associated to finite-dimensional structures and
parametrized by one free parameter.At the same time there are a large number of W-(super)algebras known
at present not associated with any finite-dimensional (super)algebras. However all of them exist only for
a finite set of particular values of the Virasoro central charge and seem to be certain truncations of larger
algebras related with finite-dimensional algebras (see e.g. Ref.[14] and references therein).
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G g D h∨g ρ iρ ipi
superconformal (ε = −1)
osp(N |4) soN N(N − 1)/2 N − 2 N 1 N + 2
F (4) so7 21 5 8s 1 10
G(3) G2 14 4 7 1 9
quasisuperconformal (ε = 1)
sp2M+2 sp2M M(2M + 1) M + 1 2M 1/2 M − 1
E6 sl6 35 6 20 3 54
E7 so12 66 10 32
′ 4 16
E8 E7 133 18 56 6 324
F4 sp6 21 4 14
′ 5/2 30
G2 sl2 3 2 4 5/2 5
Table 1.Superconformal and quasisuperconformal algebras with
simple g and irreducible ρ.
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G g ρ
superconformal (ε = −1)
sl(2|N) glN N ⊕ N¯
sl(2|2)/so(2) sl2 2⊕ 2¯
osp(4|2M) sp2 ⊕ sp2M (2, 2M)
D(1, 2;α) sp2 ⊕ sp2 (2,2)
quasisuperconformal (ε = 1)
slN+2 glN N ⊕ N¯
soN+4 sp2 ⊕ soN (2, N)
Table 2.Superconformal and quasisuperconformal algebras with non-simple g and/or irre-
ducible ρ.
G g ρ
osp(N |2M + 2) osp(N |2M) N |2M
sl(N |M + 2) sl(N |M) N |M
osp(N + 4|2M) sp2 ⊕ osp(N |2M) (2, N |2M)
Table 3.Z2 × Z2-graded superconformal algebras.
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